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Abstract

Special Relativity is one of the most abstract courses in the standard curriculum for physics
majors, and therefore practical applications or laboratory exercises are particularly valuable for
providing real-world experiences with this subject. This course poses a challenge for lab develop-
ment because relativistic effects manifest themselves only at speeds close to the speed of light. The
laboratory described in this paper constitutes a low-cost, low-barrier exercise suitable for students
whose only background is the standard mechanics + electromagnetism sequence. The activity uses
research-quality astronomical data on SS433 — a fascinating Galactic X-ray binary consisting of a
compact object (a neutron star or a black hole) and a normal star. A pair of moderately relativistic
jets moving with v ~ 0.3c in opposite directions emanate from the vicinity of the compact object
and are clearly detected in optical and radio observations. Following step-by-step instructions,
students develop a full kinematic model of a complex real-world source, use the model to fit the
observational data, obtain best-fit parameters, and understand the limitations of the model. The
observations are in exquisite agreement with the Doppler effect equations of Special Relativity. The
complete lab manual, the dataset and the solutions are available in online supplemental materials;

this paper presents the scientific and pedagogical background for the exercise.



I. INTRODUCTION

Special Relativity — a study of time and space in reference frames which are moving at
high speed relative to one another — is at the top of the list for the most abstract topics
in undergraduate science curriculum. Students are often shocked to discover that Special
Relativity is far from being a vague discussion of qualitative properties of space and time
and that they are expected to perform actual calculations of energies and trajectories of
fast-moving objects, without any real-world experience with such phenomena. As a result,
one of the most common questions in the first few lectures of Special Relativity is “What is

the relevance and applicability of this material?”.

A typical textbook problem in Special Relativity involves runners or vehicles catching
up to one another at a speed approaching the speed of light, hardly the stuff of everyday
experiences. An improvement in student engagement can often be achieved in the lectures
by emphasizing and discussing the routine applications of Special Relativity in astrophysics
and particle physics®®. Even more desirable would be laboratory activities that allow hands-

728 and because

on experiences with relativistic phenomena, but few such labs are available
Special Relativity only manifests itself at velocities close to the speed of light lab designs

can be severely limited by costs.

In this paper I present a zero-cost laboratory exercise in Special Relativity. The lab uses
research-quality data collected over many years by professional scientists to measure the
relativistic Doppler effect in a unique astronomical source. The lab can be incorporated
into any course on Special Relativity that covers the relativistic Doppler effect. It does
not require any background other than the standard freshman sequence of mechanics and
electromagnetism. Furthermore, while the full model obtained toward the end of the lab is
fairly mathematically complex, it is algebra-based, not calculus-based. As a result, the lab
has been successfully used at Johns Hopkins University (JHU) since 2012 in a seven-week

mini-course on Special Relativity normally taken in the beginning of the sophomore year.

In Section [T} T describe the scientific content of the lab and the standard exercise setup
implemented at JHU. As designed, the exercise has minimal pre-requisites and a low barrier
for entry, but it can be adapted to higher complexity levels. Therefore, in Section I
discuss learning objectives and presentation of the lab to the students and describe potential

advanced enhancements. I conclude in Section [[V]



II. SCIENTIFIC CONTENT AND SETUP OF THE SS433 LAB

A. Astrophysical nature of the source

S5433 was discovered in late 1970s as a Galactic source associated with Ha and X-ray

S08L Tt is now understood as a binary star in a 13-day orbit*) in which a com-

emission
pact object (a black hole or a neutron star) is accreting matter shed by a normal stellar
companion. The accretion proceeds at an unusually high rate, possibly in excess of the Ed-
dington threshold, making this source a unique laboratory for studying some of the extreme

manifestations of the accretion phenomenon®.

Despite many years of study, the nature of the compact object has not yet been un-
ambiguously determined. Such determinations are based on the mass measurement, with
neutron stars typically having M =~ 1.4M. and black holes having much greater masses
(M > 5Mg), but in this system the dynamical mass estimates which rely on measurements
of orbital velocity and on the stellar mass of the normal companion have yielded a wide

OUL3IA with a black hole generally preferred, but a neutron star not yet ex-

range of results
cluded. Part of the problem is that the donor star is difficult to detect and to characterize
because the total optical and ultraviolet flux is not only dominated by the accretion onto
the compact source, but is also affected by strong interstellar absorption’®. Based on the

available observations and spectral modeling, the donor star is tentatively classified as an

evolved A-type start,

Jets — rapidly moving narrow streams of matter, ejected along the polar axis of the
accretion disk — are a common outcome of accretion, found in a wide range of astrophysical
systems. The compact object in SS433 launches mildly relativistic v ~ 0.3c¢ jets which
produce optical’, X-ray*# and possibly gamma-ray emission lines’® (though this detection
is disputed?), which correspond to known electronic transitions within atoms or ions of
normal chemical elements or to their nuclear transitions. These observations demonstrate
that the jet in SS433 has a significant and possibly a dominant® baryonic component, one of
only two such jets known®. All other jets launched by compact objects produce featureless
spectra, and one of the fascinating mysteries of astrophysics is whether their energy flux is

dominated by baryons, electron-positron pairs or other forms.

The lab is administered to the students during a section led by graduate teaching assis-



tants (who are not necessarily experts in astronomy) in the form of a PDF document that
contains instructions and questions to be answered, and an electronic file with SS433 data.
These materials, along with the lab solutions, are provided as online supplements to this
publication. The lab begins with links to popular science webpages®? which show cartoon
descriptions of the salient components of SS433 described above. The lab instructions then
state the goals of the lab: (1) students will not collect any new data, but they will analyze
data on the jets of SS433 collected by professional astronomers over many years; (2) students
will follow step-by-step instructions to construct a kinematic model of the jets and use the
model to represent real data; (3) as nature rarely presents itself in the form of idealized
problems, students will practice breaking a complex astrophysical situation into manageable
pieces, which is usually the necessary first step in any scientific research. Students discuss
some of the exercises with their teaching assistant and finish the lab at home, as they would
a regular homework. The final result of the lab is a graded lab report that contains answers
to the questions posed in the lab instructions and the presentation and the results of the

kinematic model.

B. Data to be modeled

Although multiple different emission features trace the kinematics of the jet, in this
lab we model specifically the time evolution of the Balmer lines of atomic hydrogen which
constitute the most complete kinematic dataset™®2%2l  Ag part of the lab instructions, the
students are given a two-page introduction into the physics of the hydrogen emission lines
which does not require any prior knowledge of quantum mechanics. At optical wavelengths,
hydrogen — the dominant chemical element in the universe and in the jet of SS433 — emits
most of available energy in emission lines whose laboratory wavelengths are set by the laws
of quantum mechanics and are provided to the students. Students can then be asked several
qualitative questions to test understanding of this material.

Students then consider a blob of hydrogen moving with velocity v in space and derive (or
reproduce the derivation given in their special relativity class) the Doppler effect formula in
the form

A=XNy(l—=v-n/e). (1)
Here )\ is the wavelength of light in the emitter’s frame, A is the wavelength seen by the
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FIG. 1. Assuming that the jet is intrinsically symmetric, only two parameters — its velocity v and
its inclination to the observer ¢ — are necessary to describe the observed wavelengths of the emission

features originating in the receding and in the approaching parts of the jet.

observer on Earth, v = 1/4/1 — v2/c? is the Lorentz factor of the blob, ¢ is the speed of light,

and n is the unit vector in the observer’s frame directed from the emitter to the observer.

Armed by this equation, the students proceed to analyze published spectra of SS433
taken on three consecutive nights?! which are reproduced in the lab handout. Each spec-
trum contains three prominent emission lines. The central emission line stays at the same
wavelength in all three frames — this is the Ha emission line produced by the accretion
disk. In addition, in each spectrum there are two emission lines flanking the main line. The
students are then asked to measure the central wavelengths of the flanking emission lines —
this is usually done with a ruler off of the paper print-out of the lab instructions — and to
estimate the uncertainty of their measurement. At this point they confront the reality that
the lines have an irregular shape, so the centroid can only be determined to no better than

10A, which is comparable to the typical uncertainty of the ruler.

Taking one of the spectra, the students obtain measurements of the apparent wavelength
of flanking lines \; and As. They are then asked to consider a symmetric jet inclined at
some angle 7 to the observer’s line of sight, with one side approaching the observer and one

side receding from the observer (Figure . Applying equation to this model, we obtain
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two equations for the two flanking lines:

A1 = Ny(1 —vcosi/e); (2)
A2 = Nvy(1+wvcosi/c), (3)

where the proper wavelength of the Ha emission X' = 6563A is the same for both lines. With
two measurements (A; and \y) this system of equations can be solved for the two unknowns
in this instantaneous snapshot of the system — the jet’s inclination angle and its velocity.
Adding the two equations, we obtain v = (A1 + A\2)/2X, which gives the jet’s velocity. My
own calculation at this step yields v = 0.262¢, which is within 5% of the best measurements
of the SS433 jet velocity available in the scientific literature, quite remarkable for a “ruler
off paper graph” measurement approach! The students can then be asked further questions
to test their understanding of the basic jet model — for example, whether this calculation

would be possible without the assumption of the intrinsic symmetry of the jet.

C. Full kinematic model of the precessing jet of SS433

As if having jets moving with relativistic velocities was not exotic enough, it turns out that
the jets are not stationary in space, but are precessing. To understand the three-dimensional
geometry of the system in the presence of precession, the students are given a link to the
radio snapshots of the jet assembled into a time-lapse movie??. The jet is somewhat clumpy,
so rather than smooth streams the movie shows individual blobs propagating away from
the compact object on trajectories that are slowly rotating in the plane of the sky as the
jet precesses. On larger scales, students can see the remnants of the old precession cycles
forming a “corkscrew” pattern®.

It is precisely because of the precession that the flanking emission lines produced by the
jet do not stay at the same wavelengths in the three example spectra®! analyzed in Section
[[TB] Because the orientation of the jet changes as a function of time, the magnitude of the
Doppler effect changes as well, and so does the observed wavelength of Ha. The next step
of the lab is to develop the complete kinematic model to reproduce the time-varying Ho
observations and to measure the precession period®®2V, A historical account of the discovery
of the system, of precession modeling and of example spectra is available in a “Scientific

American” article suitable for sophomores*®, but it does contain solutions to some of the



lab exercises, and therefore we do not distribute this article as part of our default JHU lab
setup. It may be useful for instructors and teaching assistants in class preparation.

A collection of Ha centroid measurements taken over 14 years was kindly provided B.
Margon and is given to students in a machine-readable format as part of this lab. The file
tabulates the Julian Date of the observation (measured in days) and z = (A — \)/\ for
each of the two sides of the jet. The lab uses the same astronomical definition for redshift z
as the standard notation used in cosmological observations; negative values are allowed and
imply a blueshift.

The students are asked to make the following assumptions: (1) The absolute value of
the velocity of the jet always stays the same on both sides, even though the orientation
of the jet changes; (2) The two sides of the jet are always moving in opposite directions;
(3) The precession sweeps a conical surface with a constant angular frequency. With these
assumptions, the only term in equation which changes as a function of time is v - n,
and that only because the angle between the two vectors (rather than their absolute values)
varies due to precession.

The students are given the cartoon shown in Figure [2[ and are then asked how many
model parameters are necessary to describe the full precessing model. There are five: the
material in the jet moves with velocity v; the cone swept by the precessing jet is completely
defined by the inclination of its axis to the line of sight I and its opening angle #; and the
timing of the precession is specified by the angular speed of precession w, with ¢y being the
time when the jet passes closest to the line of sight.

With this notation, the most mathematically difficult aspect of the lab is to connect the
five model parameters with the z(¢) values tabulated in the data file®. The instantaneous
inclination of the jet to the line-of-sight ¢ used in the previous section is a function of the
cone’s geometry (specified by I and #) and depends on when during the precession cycle
the jet is observed, so it is a function of all parameters except velocity. The derivation uses
vectors and trigonometry and is given in the lab solutions (provided to the graduate teaching
assistants ahead of the lab).

Specifically, we introduce a system of Cartesian coordinates with the z-axis along the
symmetry axis of the cone and the observer in the x — z plane. Then the unit vec-
tor from the emitter to the observer is n = e,cos/ + exsin/. In the same coordinate

system, the velocity vector of the material of the approaching side of the jet is v =
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FIG. 2. Schematic of the complete precession model for SS433. Over one precession period, the
jet sweeps a conical surface, thereby changing the orientation of the jet’s movement relative to the
line of sight and the magnitude of the Doppler effect. As a result, the emission lines produced by

the jet appear at different observed wavelengths during different phases of the precession cycle.

v (e, cos b + ex sin b cos(wt — wty) + ey sin O sin(wt — wtp)). Combining these equations with
equation and with the definition of redshift, we find that one side of the jet would be

observed with
v v
z(t) =~ (1 — —sin I'sin 6 cos (wt — wty) — — cos I cos 6) —1; (4)
c c

and for the other side of the jet we need to replace v with —uv.

D. Results of the modeling

A major skill now required of many advanced physics students is that of plotting data
and models using modern scientific software, and of fitting models to the data. Depending
on the software availability and programming level of the students, modeling of the data

with the complete kinematic model in equation can be performed on a variety of levels
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FIG. 3. The first two precession cycles from the SS433 data file. The periodic behavior is clearly
seen, and so are the “crossing points” where both sides of the jets show the same Doppler effect,

e.g., at t = 4050 days.

of complexity. At JHU, the lab on SS433 is among the first steps in developing these skills.
No prior computing knowledge is assumed, and we use Mathematica to represent the data

and the models as a site license is available for all students.

As part of the lab, the students are given a one-page introduction on some of the basic
commands in Mathematica that allow them to display z(¢) entries from the SS433 data file.
Unless they have technical skills to read in the entire file, they are asked to select a dozen or
two entries spanning roughly a year and sampling as uniformly as possible. Having plotted
these values, they should be able to see some interesting features in the time dependence
of the jet components (Figure |3) and they can be asked a series of qualitative questions to
explain these features.

For example, the z(t) curves from the two sides of the jet cross at some moments (e.g., at
t = 4050 days in Figure [3)), which means that at these times the two emission lines from the
different sides of the jet blend into one. The students are asked to consider why this might
occur in the precession model. These incidents correspond to moments when the jets are
propagating exactly in the plane of the sky, without any velocity component along the line

of sight to the observer. Interestingly, this happens at a positive value of z for both sides,



which is a manifestation of the transverse Doppler effect with A = v\, a purely relativistic
phenomenon not present in the Doppler effect for sound waves in classical mechanics. The
value of z during these crossing moments (~ 0.0363) independently constrains the velocity
of the jet.

The final exercise for the lab is to guess as many parameters of the full kinematic model
as possible from the shape of the curve and to use these parameters to show the model curve
from equation together with the data points. In an ideal case, students achieve a good
agreement between their model and the data after just a few tries for the model parameters.
At the sophomore level, no formal fitting (in the sense of x? minimization or global minimum
search in the parameter space) is required, and in fact guessing the parameters to crudely
reproduce the curves is preferred in order for students to develop a physical intuition for
which features of the dataset constrain the precession model parameters.

For example, in analyzing the data in Figure 3| v can be fixed to the previously calculated
value from an instantaneous spectral measurement, v = 0.262¢. Furthermore, t; is the time
when the jet makes the smallest angle to the line of sight, so it should correspond to the
maximum blueshift of one side of the jet and the maximum redshift of the other side, so we
can estimate to = 3990 days from the second peak in Figure 8] The angular frequency of
precession w is equal to 27 /P, where P, the period, is the time between two peaks, ~ 165
days (the published value is 162.375 days®). The opening angle 6 and the inclination angle
of the cone axis I can be guessed by looking at the difference between the maxima and
minima of each of the z(¢) curves. In particular, the combination of I — @ is found from the
maxima and minima using the same method as in Section [[I B] as during these epochs the
blue-shifted side of the jet forms an angle I — # to the line of sight.

After the z(t) curves “cross”, the jets continue precessing and they change orientation:
the side that was previously approaching recedes for some fraction of the period, and vice
versa. In the first two precession cycles I chose for Figure [3| the observations do not sample
well this part of the cycle, which constrains the combination 7+ 6 (other parts of the dataset
offer better phase coverage). If this happens, the student can show a variety of models that
fit the data instead of aiming for the best-fitting one. In Figure [ the model with three
guessed parameters and two taken from the formal fit® is shown for comparison with data,
to demonstrate a typical accuracy that can be achieved by the kinematic model without a

formal x? minimization.
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FIG. 4. The same dataset as above, with the guessed model overlaid, with g = 3990 days, P = 165
days, v = 0.262c from measurements in Section [[TB] The inclination of the cone’s axis is set to
I = 78 degrees and the opening angle to 6 = 21 degrees®, but students should try several different

values to develop a sense for their impact on the model.

The kinematic model fits the Doppler shift data to better than |Az| < 0.02 over decades
of observations, though there are systematic residuals some of which are understood and
some that are not®?. To be able to derive the velocity of the jet to within a few per cent
with just one observation in Section [IB] and to be able to guess the parameters of the
kinematic model to better than 10% in Section is quite unique in astrophysics. It can
be emphasized to students that the model does not offer a perfect description of the data
both due to measurement errors of the emission line centroids and because of astrophysical
complications; yet the value of the kinematic model is in being able to explain the dominant

behavior of the system over many decades.

While the precession appears stable over the timescale of the observations, the physical
mechanism of the precession is poorly understood. It is thought that the jet propagates
exactly along the polar axis of the accretion disk, so the precession of the jet must reflect
the precession of the accretion disk. This was indeed found to be the case — the accretion
disk’s precession is inferred from brightness monitoring of SS433 and has the same period

as the jet™. The disk in turn may be precessing because it suffers from warping induced by
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radiation pressure'”. But because the jet must be launched from the vicinity of the compact
source, communicating the precession from the outer parts of the accretion disk to the jet
is difficult, and therefore the presence of jet precession may be tied with the unusually high
rate of accretion in SS433“. The questions about the physical origin of the precession rarely,
if ever, come up in the course of the lab. When they do, it is laudable that students can
appreciate the difference between a kinematic model and its physical origin and they can be

encouraged to explore the scientific references on this topic.

ITI. LEARNING OBJECTIVES AND CLASS PREPARATION

The default lab instructions as administered at JHU and solutions are available from
the author upon request. Depending on the level of the class, the lab can be scaled up or
down in difficulty. In this section I build on feedback from students and graduate teaching
assistants to provide suggestions on moderating the difficulty level of the lab.

The learning goals of laboratory exercises in the physics sequence can be roughly grouped
into (1) designing and building the experiment; (2) conducting, recording and presenting
measurements and their errors; (3) analyzing and modeling the measurements; and (4)
communicating the results. By comparison to many standard laboratory exercises in classical
mechanics, this lab utilizes significantly more complex modeling while de-emphasizing some
of the other aspects (e.g., data collection). Nonetheless, the default lab includes questions
that address learning goals across the entire range. For example, while a formal treatment
of uncertainties is not expected, the students are asked qualitative questions about the
uncertainty of the wavelength measurements that they are analyzing.

It is not expected that the lab in its default form will be completed at the section led by
the graduate teaching assistant. It is realistic to get through Sections [T A] and [[TB| during
the section, leaving Sections [TC| and [ID] as a home assignment. It is desirable to warn
students about a significant individual work component to the lab report, especially if they
are accustomed to being able to complete their lab reports during the lab time. The lab
reports are then graded by teaching assistants as a regular homework.

Although the introductory material in Section is presented to students in a publicly
accessible way rather than through scientific publications, students still find the amount of

introductory material to be extensive. Some of this material can be eliminated — for example,
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it is not necessary to include an introduction to the quantum-mechanical transitions inside
the hydrogen atom; it would be sufficient to simply supply the rest wavelength of the Ha
transition. Furthermore, the data file containing z(¢) can be re-cast by the instructor into a
file with A(t) values, thereby eliminating the need to introduce redshift. I choose to maintain
this information in the default lab setup because I have seen evidence of excellent retention
of this material by students.

The most mathematically challenging part of the lab is the development of the full kine-
matic model as a function of the model parameters. If the students cannot develop the
correct model as a function of model parameters, they might not be able to achieve a good
fit. This is a risk we are willing to take in the default setup administered at JHU to encour-
age the students to push their applied math skills. The model in equation has a certain
tolerance for mathematical sloppiness, so students often achieve good fitting results even
after somewhat flawed derivations. To avoid this mathematical bottleneck and to enable the
students to experiment more easily with comparisons between the model and the dataset, the
instructors may decide to prioritize the derivation of equation by the teaching assistants
during the section time, or even to include the derivation into the lab hand-out.

It should be made clear to graduate teaching assistants that a best-fit model is not
desired, and it is preferable if students successfully guess a reasonable fit either by analyzing
the dependence of the model on each parameter via plotting experiments or by estimating
the parameters from the extrema of the data as is done in this paper. However, if an increase
in difficulty level is desired for a more advanced class, then expanding the lab to include a
formal search for best-fit parameters is a possible next step.

Finally, the default lab setup includes several extra-credit questions. One problem asks
why it is possible to ignore the binary motion (an order-of-magnitude calculation shows that
it is much smaller than the velocity of the jet). Another asks about the internal velocities
necessary to explain the observed width of the emission lines (a couple of thousand km/s)
and about the corresponding temperature (T' ~ 10° K, though in practice the motions within
the jet are likely non-thermal*#4%). The last one asks students to derive the apparent proper
motion of an object moving with relativistic velocities at an arbitrary angle to the line of
sight (which can result in an apparent superluminal motion observed in some astronomical
sources, though not in SS433%”). These questions are more advanced and can be taken out

of the lab without any loss to the primary material.
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IV. CONCLUSIONS

SS5433 is a fascinating astrophysical object which has attracted attention of many scien-
tists in the ~ 40 years since its discovery. The mildly relativistic jets launched by a compact
star move at ~ 30% of the speed of light and provide an excellent illustration of the ef-
fects of special relativity. In this paper, I present a suite of laboratory exercises based on
research-quality data on SS433 which can be adapted to almost any level of study of special
relativity. The lab has zero equipment costs and can be administered by graduate teach-
ing assistants without in-depth astronomy background, yet it allows students to practice
and advance some of the standard laboratory skills in an area of physics where laboratory
experiences are hard to come by.

My subsequent communications with some of the students who performed the lab exer-
cises revealed excellent retention of material, with one student commenting that the lab “cer-
tainly shows where special relativity is relevant in modern areas of research”. This anecdotal
experience is in line with many studies which demonstrate that exposure to research-quality
data and participation in research greatly improve student engagement®’. SS433 offers an
excellent opportunity — whether as a lab, as a homework exercise, or as an in-lecture il-
lustration — to engage early-stage physics students with exciting research topics in modern

science.
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